Abstract. Let D be a finite-dimensional central division algebra over a field K. We define the genus gen(D) of D to be the collection of classes [D ′ ] ∈ Br(K), where D ′ is a central division K-algebra having the same maximal subfields as D. In this paper, we describe a general approach to proving the finiteness of gen(D) and estimating its size that involves the unramified Brauer group with respect to an appropriate set of discrete valuations of K. This approach is then implemented in some concrete situations, yielding in particular an extension of the Stability Theorem of [24] from quaternion algebras to arbitrary algebras of exponent two. We also consider an example where the size of the genus can be estimated explicitly. Finally, we offer two generalizations of the genus problem for division algebras: one deals with absolutely almost simple algebraic K-groups having the same isomorphism/isogeny classes of maximal K-tori, and the other with the analysis of weakly commensurable Zariski-dense subgroups.
Introduction
For a finite-dimensional central division algebra A over a field K, we let [A] denote the corresponding class in the Brauer group Br(K) of K. Following [5] , we define the genus gen(D) of a central division K-algebra D of degree n to be the collection of all classes [D ′ ] ∈ Br(K), where D ′ is a central division K-algebra having the same maximal fields as D (in precise terms, this means that D ′ has the same degree n, and a field extension P/K of degree n admits a K-embedding P ֒→ D if and only if it admits a K-embedding P ֒→ D ′ ). One of the results announced in [5] states that if K is a finitely generated field, then the genus gen(D) of a central division K-algebra D of degree n prime to char K is finite. The proof consists of two parts: first, one relates the size of gen(D) to that of n Br(K) V , the n-torsion of the unramified Brauer group Br(K) V with respect to a suitable set V of discrete valuations of K; second, one establishes the finiteness of n Br(K) V . The goal of the current paper is to give a detailed exposition of the first part. This analysis, in particular, enables us to extend the Stability Theorem of [24] from quaternion algebras to arbitrary algebras of exponent two. In [5] , we sketched a proof, communicated to us by J.-L. Colliot-Thélène [6] , of the finiteness of n Br(K) V for a suitable V , which relies on Deligne's finiteness theorem for constructible sheaves [7] and Gabber's purity theorem [8] . Our original proof was based on an analysis of the standard exact sequence for the Brauer group of a curve (cf. [16] or [9, (9.25) on p. 27]), and the details of this proof will be given elsewhere. A noteworthy feature of the second proof is that it leads to explicit estimates on the order of the n-torsion of the unramified Brauer group, hence on the size of the genus: to demonstrate this point, as well as to showcase some of the ideas involved in the general argument, we compute an upper bound for the size of the 2-torsion in the unramified Brauer group of the field of rational functions of a split elliptic curve over a number field. In any case, the set of valuations V for which one can prove the finiteness of n Br(K) V is rather special and arises from geometric considerations; at the same time, one can relate the size of gen(D) to that of n Br(K) V in a much more general context (which is our main motivation for separating the two parts of the argument). So, we begin with a precise description of the set-up that will be used throughout this paper.
Let K be a field. Given a discrete valuation v of K, we will denote by O K,v and K v its valuation ring and residue field, respectively. Fix an integer n > 1 (which will later be either the degree or the exponent of D) and suppose that V is a set of discrete valuations of K that satisfies the following three conditions: (A) For any a ∈ K × , the set V (a) := {v ∈ V | v(a) = 0} is finite; (B) There exists a finite subset V ′ ⊂ V such that the field of fractions of
coincides with K; (C) For any v ∈ V , the characteristic of the residue field K v is prime to n.
(We note that if K is finitely generated, which will be the case in most of our applications, then (B) automatically follows from (A) -see §2.) Due to (C), we can define for each v ∈ V the corresponding residue map ρ v : n Br(K) −→ Hom(G (v) , Z/nZ),
where G (v) is the absolute Galois group of K v (cf., for example, [25, §10] denote the set of all v ∈ V where A is ramified; one shows that this set is always finite (Proposition 2.1). We also define the unramified part of n Br(K) with respect to V to be
The goal of §2 is to prove the following result that relates the size of the genus with the order of the unramified Brauer group. We use this result in §3 to estimate the size of the genus for division algebras over the function fields of curves in certain situations. This analysis, in particular, enables us to describe some cases where gen(D) reduces to a single element. First, we observe that since the opposite algebra D op has the same maximal subfields as D, this can happen only if [D op ] = [D], i.e. if D has exponent 2 in the Brauer group. On the other hand, it follows from the theorem of Artin-Hasse-Brauer-Noether (AHBN) (cf. 3.6 ) that gen(D) does reduce to a single element for any algebra D of exponent 2 over a global field K (in which case D is necessarily a quaternion algebra). The following theorem, which was established earlier in [24] for quaternion algebras, expands the class of fields with this property. Then the field of rational functions k(x) also satisfies ( * ). in § §5-6 we discuss possible generalizations of the finiteness theorem for the genus [5] in the context of general absolutely almost simple algebraic groups. More precisely, Conjecture 5.1 predicts the finiteness of the genus, defined in terms of the isomorphism classes of maximal K-tori, of an absolutely almost simple algebraic group over a finitely generated field K of "good" characteristic -Theorem 5.3 confirms this conjecture for inner forms of type A ℓ . In §6, after a brief review of the notion of weak commensurability and its connections with length-commensurability of locally symmetric spaces (cf. [21] , [23] ), we formulate Conjecture 6.1 that asserts the finiteness of the number of forms of a given absolutely simple algebraic group over a finitely generated field K of characteristic zero that can contain a finitely generated Zariski-dense subgroup with the trace field K weakly commensurable to a given finitely generated Zariski-dense subgroup (both Conjecture 5.1 and 6.1 are true over number fields).
Ramification places and the genus of a division algebra
Let K be a field. Fix an integer n > 1 and let V be a set of discrete valuations of K satisfying conditions (A), (B) and (C) of §1. (We observe that if K is generated over its prime subfield by nonzero elements a 1 , . . . , a r , then using (A), one can find a finite subset V ′ ⊂ V such that v(a i ) = 0 for all v ∈ V \ V ′ and all i = 1, . . . , r. Then a 1 , . . . , a r lie in O = v∈V \V ′ O K,v , and hence the fraction field of the latter coincides with K. Thus, for a finitely generated field K, condition (B) follows automatically from condition (A).) Proposition 2.1. Assume that V satisfies conditions (A), (B), and (C). Then for any
Proof. Pick a finite set V ′ ⊂ V as in (B), and set
It is enough to show that the set of v ∈ V \ V ′ where A ramifies is finite. Let dim K A = ℓ 2 . First, we note that it is possible to find a basis x 1 = 1, . . . , x ℓ 2 of A over K such that
is a subring of A. Indeed, let y 1 , . . . , y ℓ 2 be an arbitrary K-basis of A with y 1 = 1. Then, we can write
Since K is the field of fractions of O, there exists d ∈ O such that dc k ij ∈ O for all i, j and k. Multiplying (1) by d 2 , we obtain
which implies that the basis x 1 = 1, x 2 = dy 2 , . . . , x ℓ 2 = dy ℓ 2 is as required. Now, for v ∈ V \ V ′ , we set
We have A v = A v ⊗ Ov K v , and furthermore if A v is an Azumaya algebra, then A is unramified at v (cf. [25, §10] ). Since A is a central simple algebra over K, the canonical map ϕ : 
Now, suppose v ∈ V lies outside of the finite set V ′ ∪ V (t), and let ϕ v be the map analogous to ϕ for the algebra
This means that A v is an Azumaya O v -algebra, from which our claim follows.
The main result of this section is the following.
where ϕ is the Euler function. In particular, if D has degree n then
We begin the proof with the following generalization of Lemma 2.5 of [24] , which establishes the desired conclusion without the assumption that the residue field satisfies condition (LD) introduced in loc. cit. We recall that given a finite-dimensional central division algebra D over a field K which is complete with respect to a discrete valuation v, the valuation v uniquely extends to a discrete valuatioñ v of D (cf. [27, Ch. XII, §2], [33] 
2 is ramified with respect to the extension w of v to L 2 . To see this, we will use the following well-known statement. 
2 is ramified at w, as claimed. Letw be the extension of w to ∆ 1 . Since [
2 ] is ramified at w, the ramification index e(w|w) is > 1 (cf. [34, Theorem 3.4] ; note that being of degree prime to char k, the division algebra ∆ 1 is "inertially split"). It follows that ∆ 1 contains a maximal subfield P which is ramified over L (1) 2 . By our assumption, P embeds into D 2 , and moreover, by the Skolem-Noether theorem, we may assume that this embedding maps
2 , hence its image (which we will also denote by P) is contained in ∆ 2 . Since P/L (2) 2 is ramified, we conclude that the L 2 -algebra ∆ 2 , and hence also D 2 ⊗ K L 2 , is ramified with respect to w. On the other hand, it follows from Theorem 2.4 that (3) can be viewed as a faithful character of the order m cyclic group G (v) /Ker χ v , and therefore there are ϕ(m) possibilities for χ ′ . So,
for any v ∈ V (as m divides n), and
Now, since, by Proposition 2.1, any division algebra ramifies at a finite number of places, we can consider the map
Our previous discussion shows that
so we obtain the required estimate. Now, if D has degree n, then clearly gen(D) ⊂ n Br(K), and our second assertion follows from the first one.
Remark 2.6. 1. Our proof of Theorem 2.2 actually leads to the following somewhat stronger assertion, which will be used in §5. Let K be a field, and V be a set of discrete valuations of K satisfying conditions (A), (B) and (C) for a given integer n > 1. For a central division algebra D of degree n over K, we define the local genus gen V (D) of D with respect to V as the collection of classes [D ′ ] ∈ Br(K), where D ′ is a central division algebra K-algebra of degree n such that for any v ∈ V , if one writes 2. Lemma 2.3 remains valid (and so do its consequences) if one replaces the assumption that the degree n is prime to char k by the weaker assumption that E 1 and E 2 are separable extensions of k. This makes D 1 and D 2 "inertially split," and the argument goes through without any significant changes.
The genus over the function fields of curves
We will now apply the results of §2 in the case where K = k(C) is the field of rational functions on a smooth absolutely irreducible projective curve C over a field k, and V is the set of all geometric places of K, i.e. those discrete valuations of K that are trivial on k. If n > 1 is an integer prime to char k, then it is clear that V satisfies conditions (A), (B) and (C). The corresponding unramified Brauer n Br(K) V will then, following tradition, be denoted by n Br(K) ur (it is known that this is precisely the n-torsion subgroup of the Brauer group of the curve C, cf. [16] ). Note that there is a natural map ι k : n Br(k) → n Br(K) ur . The following theorem provides an estimation of the size of gen(D) ∩ n Br(K) for a central division K-algebra D of exponent n in certain situations.
Theorem 3.1. Let n > 1 be an integer prime to char k. Assume that
• the set C(k) of rational points is infinite;
, and set r = |Ram V (D)|. Arguing as in the proof of Theorem 2.2, we see that in the notations introduced therein, we have
• of size N if N < ∞ has the property that |gen(∆) ∩ n Br(k)| N for any ∆ as above.
, so, to simplify our notations, we may replace D ′ by D. Then, our problem reduces to proving the above two statements for the intersection
For this, we first recall (cf., for example, [27, Ch. XII, §3] or [34, §3] ) that given a field K complete with respect to a discrete valuation v and an integer n > 1 prime to the characteristic of the residue field K, there is a natural isomorphism ν between the unramified Brauer group n Br(K) {v} and n Br(K). This isomorphism can be described as follows:
the completion of K with respect to v, and define ν v : n Br(K) {v} → n Br(k) to be the composition of
, and write . Let P be a maximal subfield of ∆. Since d divides n, hence is prime to char k, the extension P/k is separable, and therefore we can find a ∈ O D such that
which implies that F is a maximal subfield of D. By our assumption, F admits a K-embedding into D ′ , and we let b denote the image of a under this embedding. Then the subfield
Conversely, any maximal subfield of ∆ ′ is k-isomorphic to a maximal subfield of ∆. This argument shows that
Since the composition ν v •ι k coincides with the identity map on n Br(k), we conclude that the restriction of
On the other hand, it follows from (5) that
This yields both of the required facts for Λ and concludes the proof.
Next, we would like to point out a minor modification of Theorem 3.1, which, under somewhat stronger assumptions, allows one to actually bound the size of gen(D) and not just that of the intersection gen(D) ∩ n Br(K). Again, let D be a central division algebra over K = k(C) of dimension dim K D = ℓ 2 , and assume that [D] has exponent n in Br(K) (of course, n|ℓ, and, moreover, n and ℓ have the same prime factors -cf. [11, Proposition 4.5.13]). Clearly gen(D) ⊂ ℓ Br(K). Now, if, as before, n (and hence ℓ) is prime to char k, then the map ρ V on n Br(K) constructed in the proof of Theorem 2.2 extends to an analogous mapρ V on ℓ Br(K), and we still have the estimate
Repeating almost verbatim the rest of the proof of Theorem 3.1, we obtain Theorem 3.2. With notations as above, assume that
One notable case where these results apply is K = k(x), i.e. C = P 1 k . Strictly speaking, the case of a finite field k is not covered by Theorems 3.1 and 3.2, so let us consider it separately. In this case, the unramified Brauer group Br(K) V (where, as above, V is the set of all geometric places of K), is trivial (cf. [11, Corollary 6.4 .6] and 3.6), so we obtain from Theorem 2.2 that for any central division K-algebra D of exponent n we have
Now, let us assume that k is infinite. It is well-known that for any n prime to char k, we have
[11, Corollary 6.4.6]), i.e. one can take M = 1 in Theorems 3.1 and 3.2.
We then obtain the following.
, and let n > 1 be an integer prime to char k.
where m is the exponent of D and r = |Ram V (D)|; Of special interest is the question of when gen(D) reduces to a single element. As we already noted in §1, this is possible only if D has exponent two and is indeed the case if D is a division algebra of exponent two over a global field (see below). Although over general fields this property may fail even for quaternion algebras [10, §2] , the following theorem allows one to expand the class of fields over which it does hold. Then the field of rational functions k(x) also satisfies ( * ). This follows from Theorem 3.3, (1) and (2), with n = 2 and N = 1.
3.6. On the Albert-Brauer-Hasse-Noether Theorem. In this subsection, we will review several consequences of (ABHN) that will be needed in Corollary 3.8 below as well as in the next section. Let k be a global field, and let V k be the set of all places of k (including the archimedean ones if k is a number field). In this case, the set V k \ V k ∞ , where V k ∞ is the set of archimedean valuations, satisfies conditions (A) and (B), and the residue map ρ v can be defined on all of Br(k v ) for any v ∈ V k \ V k ∞ because the residue field k v is finite, hence prefect. Now, since the absolute Galois group G (v) of k v is isomorphic to Z, one can view ρ v as a map
This is usually referred to as the invariant map and is well known to be an isomorphism (cf. [27, Ch. XII, §3]). For v archimedean, we have Br(k v ) = Z/2Z if k v = R and Br(k v ) = 0 if k v = C, and one defines the invariant map ρ v to be the isomorphism Z/2Z ≃ (1/2)Z/Z in the first case and to be the trivial map in the second. Then (ABHN) asserts that the sequence
where Σ is the sum of the invariant maps, is exact (cf. [2, Ch. VII, 9.6], [19, 18.4] , and also [11, 6.5] for the function field case). It follows from (ABHN) that for a global function field k, the unramified Brauer group Br(k) V with respect to the set V = V k of all (geometric) places of k is trivial. Applying Theorem 2.2, we obtain that gen(D) is finite for any central division k-algebra D and reduces to one element if D is of exponent two 1 (at least if chark = 2, although the result remains true in characteristic two as well in view of Remark 2.6(2) -we give a direct argument below).
Let now k be a number field. Fix a finite subset S ⊂ V k containing the set V k ∞ of archimedean valuations, and set V = V k \ S. It follows from (ABHN) that for any n > 1 we have
where Σ S is the sum of the invariant maps for v ∈ S. Clearly, n Br(k) V is finite for any n and S as above (and even is a group of exponent g.c.d.(n, 2) for S = V k ∞ ), so Theorem 2.2 implies that gen(D) is finite for any central division k-algebra D. Unfortunately, 2 Br(k) V is nontrivial even for S = V k ∞ if k has at least two real places. So, the argument used in the function field case to show that |gen(D)| = 1 for any central division k-algebra D of exponent two does not apply directly and needs to be modified to also take into account the archimedean places. For this, we observe that (ABHN) yields an embedding 0
and that 2 Br(
represented by a quaternion algebra D, is completely determined by the set R(D) of those v ∈ V k for which the algebra D⊗ k k v is nontrivial (these are sometimes referred to as the "generalized ramification places"). Furthermore, for d ∈ k × \ k × 2 , we have the following well-known criterion: 
Then according to (7), the quadratic extension
To make this more concrete, let us consider Example 3.7. Take the following two quaternion division algebras over Q:
Then R(D 1 ) = {2, 3} and R(D 2 ) = {2, 7}. Clearly, 10 ∈ Q Notice
of characteristic = 2, the argument given above works for any such field. To extend it to characteristic two, one needs instead to use the fact that the subgroup ℘(k v ) ⊂ k v is open, where ℘(x) = x 2 − x, and replace (7) with the observation that for a ∈ k \ ℘(k),
Now, since |gen(D)| = 1 for any central division algebra D of exponent two over a global field k, Theorem 3.5 yields the following. Remark 3.9. As we already mentioned, Theorem 3 of [5] asserts that if K is a finitely generated field, then for any central division K-algebra D of degree n prime to char K, the genus gen(D) is finite. At the same time, generalizing the construction described in [10, §2] , one can give examples of quaternion division algebras over infinitely generated fields with infinite genus (cf. [18] ). So, we would like to point out that that Theorems 3.1 and 3.2 can be used to construct examples of division algebras over the function fields of curves with infinitely generated fields of constants having finite genus. Some results of this nature are contained in [24, 4.6 and 4.8]. We will not go into details about this here, but would only like to point out that, as follows from the standard exact sequence for the Brauer group of an absolutely irreducible smooth projective curve C over a perfect field k (cf. [16] or [9, (9.25) on p. 27]), the requirement | n Br(K) ur /ι k ( n Br(k))| < ∞ is satisfied, for example, if k is of type (F) as defined by Serre ([26] , Chap. III, Sect. 4.2). Furthermore, the requirement that C(k) is infinite can often be replaced by the much weaker requirement that ℓ C(ℓ), where ℓ runs through a family of finite extensions of k of degree prime to n, is infinite.
An example: Function field of a split elliptic curve
According to Theorem 2.2, to prove the finiteness of gen(D) for any central division algebra D of degree n over a field K (provided that n is prime to char K), it is enough to find a set V of discrete valuations of K that satisfies conditions (A)-(C) and for which the unramified Brauer group n Br(K) V is finite. As we already mentioned in §1, in [5] we sketched a proof of the finiteness of n Br(K) V for a suitable set V of discrete valuations of a given finitely generated field K that relies on results of Deligne and Gabber inétale cohomology. While this proof has the important advantage of giving a lot of flexibility in the choice of V , it does not furnish an estimation of the size of n Br(K) V for any V . In this section, we will work out an explicit estimation of | 2 Br(K) V | for a suitable set V of discrete valuations of the field K of rational functions on a split elliptic curve defined over a number field (Theorem 4.1); this yields an estimation of |gen(D)| for a quaternion algebra D over such K (Corollary 4.11). The method developed in this section can in fact be generalized to arbitrary curves, leading to a more direct proof of the finiteness of n Br(K) V for a suitable explicitly defined set V of discrete valuation of an arbitrary finitely generated field K; details will be published elsewhere. To simplify notations, in this section, given a field F , the quaternion algebra α , β F corresponding to a pair α, β will be denoted by (α, β) F .
Let k be a number field, and let E be an elliptic curve over k given by a Weierstrass equation
Denote by δ = 0 the discriminant of f . We will assume in this section that E splits over k, i.e. f has three (distinct) roots in k. Let
be the function field of E. For s ∈ k × , we let V k (s) denote the finite set {v ∈ V k \V k ∞ |v(s) = 0}. Let us fix a finite set of valuations S ⊂ V k containing V k ∞ ∪V k (2)∪V k (δ), as well as all those nonarchimedean v ∈ V k for which at least one of α, β, γ has a negative value. For a nonarchimedean v ∈ V k , letṽ denote its extension to F := k(y) given by (9)ṽ(p(y)) = min
Clearly, K is a cubic extension of F , and, as we will show in Lemma 4.5 below, for v ∈ V k \ S, the valuationṽ has a unique extension to K, which we will denote by w = w(v). We now introduce the following set of discrete valuations of K:
where V 0 is the set of all geometric places of K (i.e., those discrete valuations that are trivial on k), and V 1 consists of the valuations w(v) for all v ∈ V k \ S. It is easy to see that V satisfies conditions (A), (B) and (C) of §2. The main result of this section is the following.
Theorem 4.1. For any finite set S as above, the unramified Brauer group 2 Br(K) V is finite of order dividing
where t = c + 1 and c is the number of complex places of k, and Cl S (k) and U S (k) are the class group and the group of units of the ring of S-integers O k (S), respectively.
Our proof will make use of the following description of the geometric Brauer group 2 Br(K) V 0 in the split case, which is valid for any field k of characteristic = 2, 3. 
identified with a subgroup of 2 Br(K) via the canonical map Br(k) → Br(K), and I ⊂ 2 Br(K) V 0 is a subgroup such that every element of I is represented by a bi-quaternion algebra of the form
Our argument for Theorem 4.1 will require us to consider separately the ramification properties at places in V 1 of the constant and bi-quaternionic parts of elements of 2 Br(K) V 0 . This analysis will be based on properties of the corestriction map (cf. [25, Ch. 8], [28] ). We recall that given a finite separable field extension K/F , there is a group homomorphism cor K/F : Br(K) → Br(F ) with the following properties (cf. (b) (projection formula) if char F = 2, then for any r ∈ F × , s ∈ K × , we have
(We note that the projection formula is valid not only for quaternion algebras but for the symbol algebras of any degree n provided that n is prime to char K and K contains a primitive nth root of unity.) We will also need the following statement, which easily follows from results proved in [25] . For the rest of the section, we return to the notations K = k(E) and F = k(y). We will need the following two lemmas, the first of which contains a simple computation and the second describes some properties of the valuations w ∈ V 1 needed in the proof of Theorem 4.1.
(ii) Let r ∈ k × and t ∈ {a, b, c}, then for the quaternion algebra (r, x − t) K we have
Proof. (i):
We will only prove the claim for x − a as all other cases are treated analogously. It is easy to see that the minimal and characteristic polynomials for x − a over F coincide with
(ii): Using (i) and the projection formula, we obtain
Lemma 4.5. Let v ∈ V k \ S, and letṽ be the extension of v to F = k(y) given by (9) .
(i) For any extension w ofṽ to K, the residue field extension K w /F v is a separable cubic extension. Consequently,ṽ has a unique extension (to be denoted w = w(v)), which is automatically unramified.
(ii) For w = w(v), the elements x − a, x − b, x − c are units with respect to w, and their images
Proof. (i): The relation
implies that w(x) 0. Reducing, we obtain φ(x) = 0 for the polynomial
over Fṽ = k v (ȳ), the field of rational functions over the residue field k v of k. By considering the degree with respect toȳ one finds that φ(t) has no roots in, hence is irreducible over, k v (ȳ). Furthermore, for the discriminant δ(ȳ) of φ we have δ(0) =δ, where δ is the discriminant of f . So, it follows from our choice of S that δ(ȳ) = 0, making φ separable. Thus, k v (x,ȳ) is a separable cubic extension of k v (ȳ). By degree considerations, K w = k v (x,ȳ), and all of our assertions follow.
(ii): Since w(y 2 ) = 0 and w(x) 0,
yields that x − a, x − b and x − c are all w-units. Furthermore, our assumption thatδ = 0 means that the residuesā,b,c, hence the residuesx −ā,x −b andx −c, are pairwise distinct. First, let us show
, we obtain that
which is impossible asb =c. Thus,x −ā is not a square in K w . Furthermore, if, for example,x −b
andx −c would represent the same coset modulo K × w 2 thenx −ā would be a square in K w , which is not the case.
Remark 4.6. Using the uniqueness statement in [3, Ch. VI, §10, Proposition 2], one easily proves that the restriction of w to k(x) is given by
We are now in a position to determine when bi-quaternion algebras of the form described in Theorem 4.2 are unramified at places w ∈ V 1 . Proposition 4.7. Let v ∈ V k \ S, and let w = w(v) be the corresponding valuation of K (see Lemma 4.5) . If
Proof. We will need the following well-known description of the values of the residue map
(recall that by our construction char K w = 2) on quaternion algebras. For h ∈ K × such that w(h) = 0, we define κ h :
w is the residue of h. Then given g, h ∈ K × with w(h) = 0, we have
Applying this to ∆ as in the statement of the proposition, we obtain
Since by Lemma 4.5(ii), the elements x − b and
is surjective. Using this in conjunction with the fact that ρ w ([∆]) given by (11) is actually trivial, we easily obtain our claim.
Proof of Theorem 4.1. Let [D]
∈ 2 Br(K) V . According to Theorem 4.2, we can write
where ∆ ′ = ∆ 0 ⊗ k K for some central division algebra ∆ 0 over k such that [∆ 0 ] ∈ 2 Br(k), and
for some r, s ∈ k × . The next lemma describes some restrictions on ∆ 0 and ∆ ′′ , which will enable us to limit the number of possibilities for these algebras and eventually prove the theorem. 
Thus, ∆ 0 ⊗ k F is unramified atṽ, which implies that ∆ 0 is unramified at v, as required. Indeed, since [∆ 0 ] ∈ 2 Br(k) and k is a number field, we can take ∆ 0 to be a quaternion algebra. It follows from the description of the residue map we have already used in the proof of Proposition 4.7 that if ∆ 0 is ramified at v, then it can be written in the form ∆ 0 = (r, s) k , with r, s ∈ k × , where
(ii): Since ∆ 0 is unramified at all v ∈ V K \ S, it is easy to see (e.g. using Azumaya algebras) that
Thus, the class [∆ 0 ] belongs to the unramified Brauer group 2 Br(k) V k \S . So, the following immediate consequence of (ABHN) bounds the number of possibilities for [∆ 0 ]. Lemma 4.9. Let S ⊂ V k be a finite subset containing V k ∞ and at least one non-complex place. Then
where t = c + 1 and c is the number of complex places.
Proof. According to (6), we have
where Σ S is the sum of the invariant maps for v ∈ S. Since 2 Br(k v ) ≃ (1/2)Z/Z for every non-complex v and Σ S is surjective as S contains a non-complex place, our assertion follows.
To bound the number of possibilities for [∆ ′′ ], we need the following well-known statement.
Lemma 4.10. Let k be a number field and S
where Cl S (k) and U S (k) are the class group and the group of units of the ring of S-integers O k (S), respectively.
Proof. According to [15, Ch. 6, Theorem 1.4], there is an exact sequence
from which our claim follows.
By Lemma 4.8(i), [∆ ′′
] is unramified at w = w(v) for any v ∈ V k \S, so it follows from Proposition 4.7 that r, s ∈Γ. Then the number of possibilities for [∆ ′′ ] does not exceed |Γ| 2 . So, the required estimation in Theorem 4.1 is obtained by combining the estimations from Lemmas 4.9 and 4.10.
Corollary 4.11. In the notations of Theorem 4.1, for any central quaternion division algebra
Example 4.12. Consider the elliptic curve E over Q given by y 2 = x 3 − x. We have δ = 4, so S = {∞, 2}. Furthermore,
So, by Corollary 4.11 we have |gen(D)| 2 · 4 2 = 32.
Generalizations
One can generalize the notion of genus from division algebras to algebraic groups using maximal tori in place of maximal subfields. More precisely, given an absolutely almost simple (simply connected or adjoint) algebraic K-group G, we define its genus as the set of K-isomorphism classes of K-forms G ′ of G that have the same isomorphism (or isogeny) classes of maximal K-tori as G (a different approach to the definition of genus is described in Remark 5.6 below).
Remark 5.1. We note that for G = SL 1,D , where D is a finite-dimensional central division K-algebra, only maximal separable subfields of D give rise to maximal K-tori of G. So, to make the definition of gen(D) consistent with this definition of the genus of G, one should probably give the former in terms of maximal separable subfields rather than in terms of all subfields. In this paper, however, we consider only division algebras whose degree is prime to char K, for which this issue does not arise, so we opted to use the simplest possible definition of gen(D).
In view of the finiteness theorem for gen(D) [5] , it seems natural to propose the following.
Conjecture 5.2. Let G be an absolutely almost simple simply connected algebraic group over a finitely generated field K of characteristic zero (or of "good" characteristic relative to G). Then there exists a finite collection
It was shown in [21, Theorem 7.5 ] that the conjecture is true if K is a number field. Furthermore, our previous results enable us to prove this conjecture for inner forms of type A ℓ in the general case.
Theorem 5.3. Let G be an absolutely almost simple simply connected algebraic group of inner type A ℓ over a finitely generated field K whose characteristic is either zero or does not divide ℓ + 1. Then the above conjecture is true for G.
Proof. We recall that G = SL m,D , where D is a central division K-algebra of degree n with mn = ℓ + 1 (cf. [20, 2.3 .1]) It is well-known that any maximal K-torus T of G is of the form
where G m is the 1-dimensional split torus and R E/K denotes the Weil functor of restriction of scalars) for some maximalétale subalgebra E of A = M m (D). Let G ′ be a K-form of G having the same isomorphism classes of maximal K-tori as G. To prove the theorem, it is enough to establish the following two facts:
(I) G ′ is an inner form over K, and consequently
division algebras; then s = s ′ , and D and D ′ have the same isomorphism classes of maximal subfields. Indeed, according to Theorem 8 in [5] , there exists a set V of discrete valuations of K that satisfies conditions (A), (B) and (C) and for which the unramified Brauer group n Br(K) V is finite. Then as we pointed out in Remark 2.6(1), the local genus gen V (D) is finite. On the other hand, it follows from (II) that [D ′ ] ∈ gen V (D), so the finiteness of the genus of G follows.
Regarding (II), we note that the issue here is that for
of tori may not be induced by an isomorphism E 1 ≃ E 2 of K-algebras. So, the crucial observation is that the former will in fact be (essentially) induced by the latter for generic tori. We will now recall the relevant definitions that apply to an arbitrary semi-simple K-group G, and then return to the group G as in Theorem 5.3. Let T be a maximal K-torus of G, and denote by Φ = Φ(G, T ) the corresponding root system. Furthermore, let K T be the minimal splitting field of T and Θ T = Gal(K T /K) be its Galois group. Then the natural action of Θ T on the character group X(T ) defines a homomorphism
and we say that T is generic (over K) if Im θ T contains the Weyl group W (Φ) = W (G, T ). If K is a finitely generated field then generic tori always exist; moreover we have the following.
Proposition 5.4. Let G be an absolutely simple algebraic group over a finitely generated field K. Given a discrete valuation v of K and a maximal K v -torus T v of G, there exists a maximal K-torus T of G which is generic over K and is conjugate to T v by an element of G(K v ).
If K is of characteristic zero, this is proved in [22, Corollary 3.2] ; the argument in positive characteristic requires only minimal changes.
Proof of (I). Let now G be as in Theorem 5.3. Since it is an inner form over K, for any maximal K-torus T of G we have Im θ T ⊂ W (G, T ) (cf. [21, Lemma 4.1(b)]). Assume now that G ′ is an outer form. Using Proposition 5.4, pick a maximal generic K-torus T ′ of G ′ . Since G ′ is an outer form, we have Im θ T ′ ⊂ W (Φ(G ′ , T ′ )), and therefore eventually Im θ T ′ = Aut(Φ(G ′ , T ′ )). It follows from our previous remark that T ′ cannot be K-isomorphic to any maximal K-defined torus of G, a contradiction. Thus, G ′ = SL m ′ ,D ′ . Furthermore, the fact that G and G ′ have the same isomorphism classes of maximal K-tori, implies that
i.e. m = m ′ , and hence D ′ has degree n.
Proof of (II). Let
It is enough to show that for a discrete valuation v of K, the algebras E/Kv (G m ) be the corresponding maximal K v -torus of G. Using Proposition 5.4, we can find a maximal K-torus T of G which is generic over K and which is conjugate to T by an element of G(K v ). We have T = R (1) E/K (G m ) for some maximalétale K-subalgebra E of A, and then E ⊗ K K v and E are isomorphic as K v -algebras. By our assumption, there exists a K-isomorphism ϕ : T → T ′ onto a maximal K-torus T ′ of G ′ , where T ′ = R E ′ /K (G m ). Since T is generic and G, G ′ are inner forms, it follows from Lemma 4.3 and Remark 4.4 in [21] that ϕ extends to an isomorphism ϕ : G → G ′ defined over an algebraic closure K of K. Now, pick an isomorphism A⊗ K K → A ′ ⊗ K K of K-algebras, and let ϕ 0 : G → G ′ be the corresponding K-isomorphism of algebraic groups. Set ϕ ′ = ϕ if ψ = ϕ −1 0 •φ ∈ Aut G is inner, and define ϕ ′ by ϕ ′ (t) = ϕ(t) −1 for t ∈ T if ψ is outer. Then in either case, ϕ ′ : T → T ′ is a K-defined isomorphism of tori that extends to a K-isomorphismφ ′ : G → G ′ induced by some isomorphism of K-algebras τ : A ⊗ K K → A ′ ⊗ K K. Since E (resp., E ′ ) coincides with the K-subalgebra of A (resp., A ′ ) generated by T (K) (resp., T ′ (K)), and ϕ ′ (T (K)) = T ′ (K), we conclude that τ yields a K-isomorphism between E and E ′ . It follows that E is isomorphic to the maximalétale
By symmetry, we see that that A v and A ′ v have the same isomorphism classes of maximalétale K v -subalgebras, as required.
Remark 5.5. In the notations introduced in the proof of (II) above, it follows from Lemma 4.3 and Remark 4.4 in [21] that if there exists a nontrivial K-defined isogeny T → T ′ of generic tori in absolutely almost simple simply connected groups of type A ℓ then there also exists a K-defined isomorphism T → T ′ . So, the finiteness result of Theorem 5.3 remains valid if one defines the genus using isogeny classes in place of isomorphism classes. In fact, it also remains valid if one defines the genus in terms of isomorphism/isogeny classes of just maximal generic tori. On the other hand, the argument used to prove Theorem 1 in [21] shows that if G and G ′ are absolutely almost simple algebraic groups over a finitely generated field K with the same isogeny classes of maximal K-tori then either they have the same type, or one of them is of type B ℓ and the other of type C ℓ for some ℓ 3. In particular, if G is an absolutely almost simple simply connected algebraic group of type different from B ℓ (ℓ 2) over a finitely generated field K, then any absolutely almost simple simply connected K-group having the same isogeny classes of maximal K-tori as G is necessarily a K-form of G. Furthermore, according to a result of Izhboldin [12] , given nondegenerate quadratic forms q and q ′ of odd dimension n over a field K of characteristic = 2 the following condition (⋆) q and q ′ have the same Witt index over any extension F/K, implies that q and q ′ are scalar multiples of each other (this conclusion being false for even-dimensional forms). It follows that for G = Spin n (q) with n odd the genus of G as defined in this remark reduces to a single element. We note that the condition (⋆) is equivalent to the fact that the motives of q and q ′ in the category of Chow motives are isomorphic (Vishik [31] , and also Vishik [32, Theorem 4.18], Karpenko [13] ), so one can call the genus defined above the motivic genus. It would be interesting to investigate the motivic genus for other types of algebraic groups; e.g. one can expect it trivial for type C ℓ (note that it easily follows from properties of the Pfister forms that it is always trivial for type G 2 , at least in characteristic not 2).
A geometric connection
The recent interest in the problem of determining an absolutely almost simple algebraic K-group by the isomorphism/isogeny classes of its maximal K-tori (in particular, of determining a finitedimensional central division K-algebra by the isomorphism classes of maximal subfields) was motivated at least in part by the investigation of length-commensurable and isospectral locally symmetric spaces (cf. [23, §6] ). In fact, the initial question of whether two central quaternion division algebras over Q(x) with the same quadratic subfields are necessarily isomorphic appeared in print (apparently, for the first time) in the paper [21] on locally symmetric space (although unofficially it may have been around for some time). The purpose of this section is to briefly recall some aspects of this geometric connection in order to provide a context for a general conjecture about Zariski-dense subgroups.
For a (compact) Riemannian manifold M , we let E(M ) denote the Laplace spectrum of M (i.e, the spectrum of the Beltrami-Laplace operator) and L(M ) the (weak) length spectrum of M (i.e., the collection of lengths of all closed geodesics in M ). It is a classical problem in differential geometry to determine what one can say about two Riemannian manifolds M 1 and M 2 given the fact that they are isospectral, i.e. E(M 1 ) = E(M 2 ). It turns out that for locally symmetric spaces, isospectrality implies iso-length-spectrality (L(M 1 ) = L(M 2 )), see [21, Theorem 10.1] . On the other hand, neither iso-length-spectrality nor even isopectrality typically implies that M 1 and M 2 are isometric, although it was established in [21] that for arithmetically defined locally symmetric spaces of simple real algebraic groups of types different from A ℓ , D 2ℓ+1 (ℓ > 1) and E 6 , the weaker condition of length-commensurability (Q·L(M 1 ) = Q·L(M 2 )) already implies that M 1 and M 2 are commensurable, i.e. have a common finite-sheeted cover. We refer the reader to [23] for the history of the problem and an exposition of the available results. We note only that the problem remains wide open for non-arithmetically defined locally symmetric spaces, and will now show that its analysis in the case of Riemann surfaces leads to a variant of the problem about quaternion algebras with the same maximal fields.
Let H = {x + iy ∈ C | y > 0} be the upper half-plane with the standard hyperbolic metric
Any compact Riemann surface M of genus g > 1 can be written as a quotient M = H/Γ by a (cocompact) discrete torsion-free subgroup Γ ⊂ P SL 2 (R). Let π : SL 2 (R) → P SL 2 (R) be the canonical homomorphism, and setΓ = π −1 (Γ). It is well-known that closed geodesics in M correspond to nontrivial semi-simple elements in Γ; the precise nature of this correspondence is not important for us, as we only need information about the length. One shows that if c γ is a closed geodesic in M corresponding to a nontrivial semi-simple element γ ∈ Γ, then its length is given by the formula:
where n γ is an integer 1 (winding number) and tγ is an eigenvalue of an elementγ ∈Γ such that π(γ) = γ (note that since Γ is torsion-free and discrete,γ is automatically hyperbolic, i.e. tγ ∈ R and γ is conjugate in SL 2 (R) to tγ 0 0 t
One of the tools for analyzing Kleinian groups developed in [17] is based on associating to a Zariski-
by the subgroupΓ (2) ⊂Γ generated by squares. This algebra turns out to be a quaternion algebra whose center is the trace field K = KΓ (2) (the subfield generated over Q by the traces trγ forγ ∈Γ (2) ), cf. [17, 3.1 and 3.2]; note that K is automatically contained in D as for anyγ ∈ SL 2 we havẽ
(The reason for passing fromΓ toΓ (2) can be seen in the fact that the "true" field of definition of a Zariski-dense subgroup is generated by the traces in the adjoint representation, cf. [29] .) If the subgroup Γ is arithmetic then D is precisely the quaternion algebra involved in its description, so one can expect D to play a significant role also in the general case. Finally, we note that for any semisimpleγ ∈Γ (2) \ {±1}, the subalgebra K[γ] is a maximalétale subalgebra of D and that for any integer n = 0 we have 
2 , respectively. On the other hand, if M 1 and M 2 are commensurable, then D 1 and D 2 are isomorphic as K-algebras (cf. [17] ). So, the expected (but currently lacking much supporting evidence) result that the compact Riemann surfaces that are length-commensurable to a given compact Riemann surface form finitely many commensurability classes leads to the following algebraic problem: (Of course, the commensurability class of a nonarithmetic Γ is not determined uniquely by the corresponding quaternion algebra D; in fact, E.B. Vinberg [30] has constructed an infinite family of pairwise noncommensurable cocompact lattices in SL 2 (R) that are contained in M 2 (Q). On the other hand, one can consider the following stronger "asymmetric" version of ( * ): Let D, K and Γ be as in ( * ). We will now indicate how ( * ) can be generalized to arbitrary absolutely almost simple groups. For this, the relation between the elementsγ 1 andγ 2 expressed by (14) needs to be replaced by the notion of weak commensurability introduced in [21] . Now, rather than working directly with the definition given there, it will be more convenient to start with an equivalent form of this notion that was used in [23, 2.2] . Let G 1 ⊂ GL N 1 and G 2 ⊂ GL N 2 be two semi-simple algebraic groups defined over a field F of characteristic zero. Semi-simple elements γ 1 ∈ G 1 (F ) and γ 2 ∈ G 2 (F ) are said to be weakly commensurable if the subgroups of F × generated by their eigenvalues intersect nontrivially. Obviously, this notion is a direct generalization of the condition (14) ; at the same time, it is equivalent to the more technical definition given in [21, §1] that requires the existence of maximal F -tori T i of G i , for i = 1, 2, such that γ i ∈ T i (F ) and for some characters χ i ∈ X(T i ), we have
Furthermore, (Zariski-dense) subgroups Γ 1 ⊂ G 1 (F ) and Γ 2 ⊂ G 2 (F ) are weakly commensurable if every semi-simple element γ 1 ∈ Γ 1 of infinite order is weakly commensurable to some semi-simple element γ 2 ∈ Γ 2 of infinite order, and vice versa. We refer the reader to [21] and the survey article [23] for results about weakly commensurable Zariski-dense subgroups, one of which (see [21, Theorem 2] ) states that weakly commensurable finitely generated Zariski-dense subgroups of absolutely almost simple algebraic groups have the same trace field (defined in terms of the adjoint representation); we only mention here that, just as in the case of Riemann surfaces, length-commensurability of locally symmetric spaces of simple real algebraic groups is adequately reflected by weak commensurability of their fundamental groups (see [23, 2.3] for a discussion). Now, we would like to propose the following conjecture generalizing ( * ). The connection between the analysis of weak commensurability and the study of absolutely almost simple algebraic groups having the same isomorphism/isogeny classes of maximal tori (and hence between Conjectures 5.2 and 6.1) is discussed in [23, §9] . We note that Weisfeiler's Approximation Theorem [35] , in conjunction with finiteness results for Galois cohomology of algebraic groups over number fields (cf. [21, §6] ), allows one to prove Conjecture 6.1 for K a number field -details will be published elsewhere. No other cases have been considered so far, but we hope that the techniques involved in the proof of Theorem 5.3 will lead to a proof of Conjecture 6.1 for inner forms of type A ℓ . (Of course, one can also consider stronger asymmetric versions of Conjectures 5.2 and 6.1 along the lines indicated after the statement of ( * ).)
